We study the moduli space of quaternionic Kähler structures on a compact manifold of dimension 4n ≥ 12 from a point of view of Riemannian geometry, not twistor theory. Then we obtain a rigidity theorem for quaternionic Kähler structures of nonzero scalar curvature by observing the moduli space.
Introduction
According to Berger's classification theorem, the holonomy group of a simplyconnected, non-symmetric, irreducible Riemannian manifold of dimension N is isomorphic to one of the following; SO(N), U(N/2), SU(N/2), Sp(N/4), Sp(N/4)Sp(1), G 2 , Spin (7) .
The Riemannian geometry of special holonomy groups SU(N/2), Sp(N/4), Sp(N/4)Sp(1), G 2 and Spin(7) are called Calabi-Yau, hyperKähler, quaternionic Kähler, G 2 and Spin(7) structures, respectively. During the last score of twentieth century, the deformation theory of these structures are studied according to individual way to each structure. For example, the deformations of Calabi-Yau and hyperKähler structures were studied by using Kodaira-Spencer theory [1] [20] [21] . But we cannot apply Kodaira-Spencer theory to the other structures since they do not admit complex structures. Joyce showed that the moduli spaces of G 2 and Spin(7) structures are smooth manifolds by studying the closed differential forms which define the structures. Then the purpose of this paper is studying the moduli spaces of the quaternionic Kähler structures.
Each quaternionic Kähler structure has an Einstein metric. If the metric is Ricci-flat, then it reduces to a hyperKähler structure. So, if we denote by κ g the scalar curvature of a Riemannian metric g, we should consider the case of κ g > 0 or κ g < 0 for studying quaternionic Kähler structures. A Riemannian metric g on 4n-dimensional manifold M is a quaternionic Kähler metric if the holonomy group of g is isomorphic to a subgroup of Sp(n)Sp (1) . Then there are rigidity theorems for the quaternionic Kähler metrics as follows.
Theorem 1.1 ([10]
). Let M be a compact 4n-manifold, n ≥ 2, and let {g t } be a family of quaternionic Kähler metrics on M, of fixed volume, depending smoothly on t ∈ R. If g 0 has positive scalar curvature then there is a family of diffeomorphisms {ψ t } ⊂ Diff(M) depending smoothly on t ∈ R such that ψ * t g t = g 0 .
Moreover, LeBrun and Salamon [11] showed that there are, up to isometries and rescalings, only finitely many compact quaternionic Kähler metrics of dimension 4n of positive scalar curvature for each n ≥ 2.
Theorem 1.2 ([7]
). Let M be a compact 4n-manifold and let {g t } be a family of quaternionic Kähler metrics on M, of fixed volume, depending smoothly on t ∈ R. If g 0 has negative scalar curvature then there is a family of diffeomorphisms {ψ t } ⊂ Diff(M) depending smoothly on t ∈ R such that ψ * t g t = g 0 . The above two theorems are proven by using twistor theory. In this paper, we will prove the rigidity for quaternionic Kähler structures in the case of κ g > 0 and κ g < 0 at the same time using Riemannian geometry without using twistor theory. We apply [5] to the description of the moduli spaces of quaternionic Kähler structures. In [5] , Goto introduced a notion of topological calibration which gives a unified framework of the deformation theory of Calabi-Yau, hyperKähler, G 2 and Spin(7) structures. The moduli space of topological calibrations is constructed in Riemannian geometric way. We define the set of quaternionic Kähler structures of nonzero scalar curvature on M in Section 3 and denote it by M qK . Since M qK is a subset of closed 4-forms on M, then G := Diff 0 (M) × R >0 acts on M qK by the pull-back and scalar multiple. So we have a quotient space M qK := M qK /G and the quotient map π qK : M qK → M qK . We will show a rigidity theorem for quaternionic Kähler structures as follows. Theorem 1.3. Let {Φ t } t∈R ∈ M qK be a continuous family of quaternionic Kähler structures on compact 4n-dimensional manifold M for n ≥ 3. Then we have π qK (Φ t ) = π qK (Φ 0 ) for any t ∈ R.
To show Theorem 1.3, we have to evaluate the dimension of the formal tangent space of M qK at π qK (Φ). In Section 2, we introduce the deformation complex of quaternionic Kähler structures
for each Φ ∈ M qK along [5] . If we denote the k-th cohomology group of the above complex by H k (♯ Φ ), then the formal tangent space of M qK is given by H 1 (♯ Φ )/R. To prove the rigidity theorem, we need to show that (I) the deformation complexes are elliptic complexes,
It is shown that (I) is true in the case of Calabi-Yau, hyperKähler, G 2 and Spin(7) structures in [5] . But if we try to show (I) in the case of quaternionic Kähler structures, we have to deal with 4-forms or 5-forms of 4n-dimensional vector space, which are so complicated. Hence we need more systematic method to study the deformation complex. Then we introduce a new method for showing (I) in Section 4. In Section 4, we introduce new complexes called the deformation complexes of torsion-free Sp(n)Sp(1)-structures, and show they are the elliptic complexes. Then we solve (I) by constructing the isomorphisms between the deformation complexes of quaternionic Kähler structures and new ones. Since these discussions can be applied to the other structures, we can regard the results in Section 4 as the unified method to study the deformation complexes of topological calibrations. We prove (II) in Section 5 by using the Bochner-Weitzenböck formulas and vanishing theorems on quaternionic Kähler manifolds due to Homma [6] , Semmelmann and Weingart [14] . Each quaternionic Kähler structure Φ ∈ M qK induces a Riemannian metric g Φ on M. If g is a quaternionic Kähler metric of nonzero scalar curvature, then there is a quaternionic Kähler structure Φ ∈ M qK such that g Φ = g. Then, it is important to study how many quaternionic Kähler structures which induce a given quaternionic Kähler metric g. We will obtain the following theorem in Section 6. Theorem 1.4. Let (M, g) be a 4n-dimensional Riemannian manifold for n ≥ 3 and M qK (g) := {Φ ∈ M qK ; g Φ = g}. If g is a quaternionic Kähler metric, then there is a unique element in M qK (g).
Geometric structures defined by closed differential forms
In this section, we introduce Goto's topological calibration theory along [5] , then state its relation to torsion-free G-structures. Let g 0 be the standard inner product on V = R N . We have
such that the isotropy group
is a subgroup of the orthogonal group O(N).
In this section, we consider a smooth manifold M of dimension N. We denote by π F (M ) : F (M) → M the frame bundle of M whose fibre is GL N R. If we set
By taking proper N and Φ V , we can construct the set of Calabi-Yau, hyperKähler, G 2 and Spin(7) structures on M in this manner [5] . We will give Φ qK ∈ Λ 4 (R 4n ) * which determines the set of quaternionic Kähler structures in Section 3. Next we see that there is one-to-one correspondence between torsion-free Gstructures on M and M Φ V (M) under a certain condition for Φ V . Since G is a subgroup of GL N R, we have a quotient space
where ι is the interior product, and put
where T ∇ is the torsion tensor of ∇.
Proof. We calculate (dΦ) p for a fixed point p ∈ M. Let ∇ be any connection on
be its dual basis. We can take a neighborhood U of p and local section τ ∈ Γ(U, Q Φ ) which satisfy (∇ξ i ) p = 0, where
If we put dξ
Since we may write
for k ≥ 2, and
Then we have an orthogonal decomposition Λ k ⊗V = k ⊕P k where P k is the orthogonal complement. If we putP
the induced bundle mapĀ
Proposition 2.4 ([15]
). We define a linear map a :
See Proposition 2.1 of [15] as to the proof.
Proof. Let ∇ be a connection on Q Φ and assume that dΦ = 0. We may
Since we have A 2 Φ (T ∇ ) = dΦ = 0 from the assumption and Proposition 2.3, then
Then γ is a section of
Hence we have shown that the Levi-Civita connection
Then the following conditions are equivalent.
Proof. Proposition 2.5 gives (i)=⇒(ii).
Assume that Q Φ is a torsion-free G-structure. Then the Levi-Civita connection ∇ is a connection on Q Φ . If we take p ∈ M, U and
Thus we have shown ∇Φ = 0 if Q Φ is a torsion-free G-structure.
If we assume ∇Φ = 0, then dΦ = j ξ j ∧ ∇ ξ j Φ = 0.
Next we consider the deformation complex of Φ 0 ∈ M Φ V (M).
From Proposition 2.7, we obtain Goto's complex
Moduli spaces of the quaternionic Kähler structures
In this section, we state the main result in this paper. First, we define quaternionic Kähler structures and their moduli space. From now on we consider the case of N = 4n. We put I, J, K ∈ M 4n R be almost complex structures on V defined by
where E n is the unit matrix of GL n R, and set
Then we have an 4-form
whose isotropy group
Definition 3.1. Let M be a smooth manifold of dimension 4n. Then we call Φ 0 ∈ Γ(R Φ qK (M)) is a quaternionic Kähler structure on M if and only if dΦ 0 = 0.
There is the irreducible decompositions of Sp(n)Sp(1)-representation according to [3] [15],
Here we write λ
Then we have
by the definition of Φ qK and direct calculation. As to E
Φ qK
, there is the irreducible decomposition for n ≥ 3
by [19] . Weyl dimension formula [4] of Sp(n) reperesentation gives
Then we can calculate the dimension of E 2 Φ qK .
Theorem 3.2 ([19]
). Let M be a 4n-dimensional manifold for n ≥ 3 and Φ 0 ∈ Γ(R Φ qK (M)). Then the Levi-Civita connection ∇ Φ 0 of g Φ 0 reduces to the connection of the principal Sp(n)Sp(1)-bundle Q Φ 0 if and only if dΦ 0 = 0.
Proof. It suffices to show that dimE (1) from Theorem 2.6. By Weyl dimension formula, we have
2 + n + 3 and the injectivity of a| V * ⊗so(4n) , we have
Now we denote the scalar curvature of a Riemannian metric g by κ g . If the holonomy group Hol(g) is isomorphic to the subgroup of Sp(n)Sp(1), then g is Einstein, so κ g is constant [15] . Moreover Hol(g) is isomorphic to Sp(n)Sp(1) if and only if κ g Φ 0 = 0. So we put
Let G := Diff 0 (M) × R >0 where Diff 0 (M) is the identity component of Diff(M). Then G acts on M qK by putting (f, c) · Φ := cf * Φ for (f, c) ∈ G. Thus we obtain the moduli spaces of quaternionic Kähler structures of nonzero scalar curvature
Next we show the rigidity theorem for quaternionic Kähler structures of nonzero scalar curvature. From now on, we suppose that M is compact. We will use following lemmas. 
is elliptic complex at k = 1 for each Φ 0 ∈ M Φ qK (M). In particular, there is the Hodge decomposition
Lemma 3.4. Let M be a compact manifold of dimension 4n ≥ 12. Then we have
We will prove Lemma 3.3 and 3.4 in Section 4 and 5, respectively. Let F be a fibre bundle over M and k ≥ 2n + 1. Then an L 2 k -section of F is a C 0 -section by Sobolev embedding theorem. By putting (f, c)
. Thus we have a quotient topological space
is an isomorphism, there is the inverse map (Ā
The differential of the map ϕ k,Φ 0 at the origin is given by
is a diffeomorphism from inverse function theorem.
Proof. Let the map
k+1 (Diff 0 (M)) and c ∈ R >0 . We take
) is an isomorphism by Lemma 3.3, so there are some δ > 0 and neighborhood
Proposition 3.6. Let Φ 0 ∈ M qK and n ≥ 3. Then there is ε > 0 which satisfies the following condition. If
Proof. Fix ε > 0 and Φ ∈ ϕ 2n+1,Φ 0 (V 2n+1,Φ 0 (ε)). Then we may write Φ = ρ(e
(a) and
Since the linear operators
are the bounded operators, there are constants s, K 0 , K 1 > 0 depending only on M and Φ 0 , such that
where a C ∞ -function f : R → R is given by
If we take ε ≤ (K 2 s) −1 where K 2 is the operator norm of the bounded operator
From now on, we suppose dΦ = 0. Then (2) gives
From Lemma 3.3 and Lemma 3.4, there is the decomposition
where K 3 and K 4 are the operator norms of G ♯ and d * 1 , respectively. Thus we have an inequality
, from (3) and (4). Then we obtain an estimate
Proof. Take ε > 0 as in Proposition 3.6. We can take an open set W k,Φ 0 of
Thus we have shown that π k ( M qK ) is a discrete subset of A k for k ≥ 2n+1 and n ≥ 3. Next we are going to prove Theorem 1.3.
Proof. Suppose that we have
dR (M) is the de Rham class of a closed form θ ∈ Ω 4 . Then if we denote by Π h the harmonic projection with respect to g Φ A , we have
Hence it follows that
According to [13] , if a C 1 diffeomorphism f : M → M preserves a smooth Riemannian metric, then f is smooth. Since each element of I Φ A preserves smooth Riemannian metric g Φ A , then I Φ A is a subgroup of Diff 0 (M). Sõ
Now we have a quotient space M qK := M qK /G and the quotient map
Definition 3.9. Quaternionic Kähler structures {Φ t } t∈R ⊂ M qK is a continuous family if the map
defined by Φ k (t) := Φ t is a continuous map for each k ≥ 2n + 1.
Then a rigidity theorem for quaternionic Kähler structures is obtained as follows.
Theorem 3.10. Let {Φ t } t∈R ⊂ M qK be a continuous family on a compact manifold M of dimension 4n for n ≥ 3. Then we have π qK (Φ t ) = π qK (Φ 0 ) for any t ∈ R.
Proof. Since the maps π k • Φ k are continuous maps, we have π k (Φ t ) = π k (Φ 0 ) from Proposition 3.7. Then by Lemma 3.8, we obtain π qK (Φ t ) = π qK (Φ 0 ).
Deformation complexes of torsion-free Gstructures
The purpose of this section is to give the proof of Lemma 3.3. We introduce new complexes; the deformation complexes of torsion-free G-structures. The new complex is elliptic at k = 1 if G satisfies a certain condition. Then we can construct an isomorphism between the deformation complex of torsionfree Sp(n)Sp(1)-structures and Goto's complex (1) of quaternionic Kähler structures. Let G be a Lie subgroup of O(N) and M be a compact manifold of dimension
Moreover, there is a following property.
) be a torsion-free G-structure, and ∇ be the Levi-Civita connection of g Q . Then d
Proof. First we suppose k = 0. We are going to show (
Fix p ∈ M, and take a neighborhood U of p and local orthonormal frame ξ 1 , · · · , ξ N ∈ X (U) and its dual frame ξ 1 , · · · , ξ N ∈ Ω 1 (U) as in the proof of Proposition 2.3. Let R ∈ Ω 2 (ˆ Q ) be a curvature tensor of ∇, and we may write R(ξ i , ξ j )ξ l = m R m ijl ξ m and X = l X l ξ l ∈ X (U) on U. Since the curvature tensor of G-connection is a section of the vector bundle induced by the adjoint action of , so l,m R
So it follows that
from the first Bianchi identity, R 
Q is the orthogonal projection. Then from Proposition 4.1, we obtain the deformation complex of torsion-free Gstructures
Next we will see that the complex (5) is elliptic at k = 1. We denote by Sb k (u) the symbol of the differential operator d
To prove that the complex (5) is elliptic at k = 1, we have to see the complex
is the exact sequence at P 1 . We have an orthogonal decomposition V = Rv ⊕ W v with respect to g 0 for each v ∈ V − {0}. The decomposition induces the orthogonal projection p v : End(V ) → End(W v ), then we can consider the following conditions for
The condition (C1) is equivalent to the following condition. For all a ∈ End(V ) and u ∈ V * − {0}, we may write a = b + u ⊗ w for some b ∈ and w ∈ V if u ∧ a ∈ 2 .
Proof. We may take u ∈ V * −{0} as g 0 (u, u) = 1. Then we fix an orthonormal basis
So we have
Now
Since B k j1 = 0 for j = 1 and k = 1, · · · , N, we have
Then we have finished the proof by putting (5) is elliptic at k = 1 for any torsion-free Gstructure Q.
Proof. Let a ∈ P 1 , u ∈ V * − {0} and Sb 1 (u)a = 0. Since Sb 1 (u)a = 0 means that u ∧ a is an element of 2 , we may write a = b + u ∧ w for some b ∈ and w ∈ V from Lemma 4.2. Hence we obtain a = pr P 1 (a) = pr P 1 (b + u ∧ w) = pr P 1 (u ∧ w) = Sb 0 (u)w. 
Proof. Let v 1 , · · · , v n be an orthonormal basis of V = R n , and v 1 , · · · , v n be its dual basis. We suppose that A = i,j A j i v i ⊗ v j is an element of and
Thus we have shown 1≤j≤n A 
It is easy to see
by direct calculation using local orthonormal frame appear in the proof of Proposition 2.3, and we have the following proposition.
Now, we have dimE 
Proof. By the definition of
Since there is a natural decomposition
where symm 0 (4n) = {A ∈ EndR 4n ; t A = A, trace(A) = 0}, we have
) where * is the Hodge star operator with respect to g Φ 0 . Then we can calculate J(α) by using decomposition E
where c n is given by Φ
, where ξ i , ξ j are as in the proof of Proposition 2.3, and a
since RΦ qK , E 0 Φ qK and A + are the irreducible Sp(n)Sp(1)-modules. So the equation (11) is equivalent to 6 Quaternionic Kähler metrics and the reduced frame bundles Let g be a Riemannian metric on M whose holonomy group Hol(g) is isomorphic to Sp(n)Sp(1). Then we set M qK (g) := {Φ ∈ M qK ; g Φ = g}.
The purpose of this section is showing that there is a unique element in M qK (g). We use following proposition, which can be seen in [8] p.46. 
